P-Inectivity and FP-Injectivity

A left R-module M is FP-injective if every map f of a finitely generated submodule S of a free module F into M extends to F into M.  A ring R is left FP-injective provided that R is a left FP-injective module. A module M  is left p-injective provided that every map f of a principal left ideal I of R into M is extends to R into R, i.e., is induced by a right multiplication by an element a of R: f(x) = xa for all x in I. Obviously, every left FP-injective module is left p-injective &  it is easy to see that R is left p-injective (as a left R-module) iff every  principal right ideal of R is a right annihilator. Moreover,


1. Theorem: A ring R is left FP-injective (as a left R-module) iff 
every n x n matrix ring over R is left p-injective. 

Proof. This theorem is attributed to G. Puninski by W. K. Nicholson and M. F. Yousif in Principally Injective Rings, J. Algebra 174(1995), 75-93,  where a proof of the Puninski's theorem may be found.  

It is known that not every ring R can be embedded in a left (or right) self-injective ring.  Nevertheless:

2. Theorem: Any ring R can be embedded in a left and right FP-injective ring. 


Proof.  See  P. Menal and P. Vamos,  Pure ring extensions and self FP-injective rings, Math. Proc. Cambridge Phil. Soc. 105(1989), 447-458.
Johns Ring

A ring R is right Johns if R is right Noetherian & every right ideal is a right annihilator.  Using a false result of Kurshan, B. Johns in Annihilator Conditions in noetherian rings, J. Algebra, 49(1977), 222-224, falsely proved these are Quasi-Frobenius (= QF) rings. P. Menal & the author gave a counterexample in A counter-example to a conjecture of Johns, Proc. Amer. Math. Soc. 116(1992), 21-26. In a sequel, The structure of Johns rings, Proc. Amer. Math. Soc. 120(1994), 1071-1081, we defined a ring R to be strongly right johns if every n x n matrix ring over R is right Johns, and characterized strongly right Johns rings. 

3. Theorem. R is strongly right Johns iff R  is left FP-injective r
right Noetherian ring. Corollary (Ibid.) Let R be strongly right 
Johns. Then the f.a.e.cs:

(1) R is QF; 

(2) R is semilocal, i.e., R modulo the Jacobson radical J is 


semisimple Artinian;

(3) R has finite left Goldie dimension;

(4) R is left Noetherian; 

(5) Every right ideal of every n x n matrix ring over R is finitely 


annihilated; 


(6) The Jacobson radical J is finitely annihilated as a right 



ideal.  

We then asked when strongly right Johns rings are QF. (We did not have the temerity to pose a conjecture!)   In their 2002 book Quasi-Frobenius Rings, Cambridge U. Tracts in Math & Physics by K. Nicholson & M. F. Yousif devote 10 pages, pp. 204-213, to a treatment & certain extensions of the known results on Johns rings.
Complement Modules 

 A submodule L of a module M is a complement, if there exists a submodule K such that L is maximal with respect to L∩K = 0.   Obviously, any direct summand of M is a complement: M and 0 are trivial complements. A module is said to be CS if every complement submodule is a direct summand. It is an easy exercise to prove that any complement submodule of an injective, or quasi-injective, module is a direct summand, hence (quasi-) injective modules are CS.

Small Modules and he Radical of a Module
 
A submodule  L  of a left R-module  is small (also called superfluous) if L + K = R for any submodule K implies that K = M.  It

4. Theorem. A submodule L of a left R-module M is small iff L is contained in the intersection rad M of all maximal submodules of M.
 
Proof. Proposition 18.3 of my Algebra I: Ring Theory.

 
4A.  Note, however, M may not have maximal submodules, e.g., the quasi-cyclic group.  In this case rad M is defined to be or maybe logically equal?) to M. 

If J = rad R is the (left) radical of R,  then rad M contains JM, for any left R-module M. See, for example, Theorem 18.3 in my Algebra I: Rings, Modules and Categories. 

4B. Note. As we pointed in our piece on Jacobson, “Jake” proved that the left radical of R is equal to the right radical.

4C. Note. If M is Bassian in the sense that every proper submodule of M is contained in a maximal submodule, then rad M = JM, and in this case, rad M is itself a small submodule. Ibid.  Obviously, any finitely generated module is Bassian. See loc. cit. for other examples of Bassian modules and rings.

A left module is singular if every element has an annihilator which is an essential left ideal of R.


5. Shen’s Theorem. A strongly right Johns ring R is QF iff the following holds: (NNCS) R has no nonzero small or singular complement left ideals.

Proof. See An approach to the conjecture of Faith-Menal Conjecture" by Liang Shen, International Electronic Math J. of Algebra, 1 (2007), 46-50. 


When NNCS holds, then R is said to be a left NNCS ring.

5A. Remark: This shows that the following can be added to the list in Theorem 3: 

(7) R is left NNCS.


(8) R is left CS.


5A. Remark: In view of Shen’s theorem, it would be of interest to characterize left NNCS rings. There was a lively e-mail exchange between Dinh Van Huynh, who I question about NNCS rings at the Zanesville Conference, Sergio Lopez-Permouth, and Vic Camillo.

5B. Remark. In view of Theorem 4, obviously any ring R with rad R = 0 is a left and right NNCS ring. 

